Abstract. In this paper, by using C-class functions some results and common fixed point theorems are established for generalized J H-operator pairs of Sintunavarat and
(common fixed point) of S and T if Sx = T x(x = Sx = T x). Let C(S, T ), P C(S, T ) denote the sets of all coincidence points, points of coincidence, respectively, of the pair (S, T ). The set P M (u) = {x ∈ M : x − u = dist(u, M )} is called set of best approximations to u ∈ X out of M , where dist(u, M ) = inf { y − u : y ∈ M }. Let C S M (u) = {x ∈ M : Sx ∈ P M (u)}. The set M is called q-starshaped with q ∈ M if the segment [q, x] = {(1 − k)q + kx : 0 ≤ k ≤ 1} joining q to x is contained in M for all x ∈ M . A Banach space X satisfies Opial's condition if for every sequence {x n } in X weakly convergent to x ∈ X, the inequality lim inf n→∞ x n − x < lim inf n→∞ x n − y holds for all y = x. We denote diameter of a set A as δ(A).
Let M is a subset of a normed space X and S, T : M → M , then (S, T ) is called: (a) P-operator pair [12] if x − T x ≤ δ(C(S, T )) for some x ∈ C(S, T ); (b) J H-operator pair [9] if there exists a point w = Sx = T x in P C(S, T ) such that w − x ≤ δ(P C(S, T )); (c) Generalized J H-operator pair with order n [13] if there exists a point w = Sx = T x in P C(S, T ) such that w − x ≤ (δ(P C(S, T ))) n for some n ∈ N. Note that a J H-operator pair (S, T ) is generalized J H-operator pair with order n. But the converse is not true in generally, (see [13] 
); (d) Banach operator pair if S(Fix(T )) ⊆ Fix(T ); (e) Symmetric Banach operator pair if S(Fix(T )) ⊆ Fix(T ) and T (Fix(S)) ⊆ Fix(S).
Definition 2.1. [13] Let M be a q-starshaped subset of a normed space X and S, T self-mappings of a normed space M . The order pair (S, T ) is called a generalized J Hsuboperator with order n if for each k ∈ [0, 1], (S, T k ) is a generalized J H-operator with order n that is, for k ∈ [0, 1] there exists a point w = Sx = T k x in P C(S, T k ) such that w − x ≤ (δ(P C(S, T k ))) n for some n ∈ N, where T k is self-mapping of M such that T k x = (1 − k)q + kT x for all x ∈ M .
A mapping T : M → M is called (1) Hemicompact if any sequence {x n } in M has a convergent subsequence whenever x n − T x n → 0 as n → ∞; (2) Completely continuous if {x n } converges weakly to x which implies that {T x n } converges strongly to T x; (3) Demiclosed at 0 if for every sequence {x n } in M converging weakly to x and {T x n } converges at 0 ∈ X, then T x = 0. Throughout this paper let φ : R + → R + is a Lebesgue integrable mapping which is summable, nonnegative and for all ǫ > 0,
and γ : (0, ∞) → (0, ∞) is a nondecreasing function satisfying the condition γ(t) < t, for each t > 0.
(2.5) Let ℑ = {f α } α∈M be a family of functions from [0, 1] into M , having the property that for each α ∈ M we have f α (1) = α.
it is continuous and satisfies following axioms:
(1) F (s, t) ≤ s; (2) F (s, t) = s implies that either s = 0 or t = 0; for all s, t ∈ [0, ∞).
Note for some F we have that F (0, 0) = 0. We denote C-class functions as C.
is a continuous function such that φ(0) = 0, and φ(t) < t for t > 0; 
Remark 2.7. We denote Φ u set of ultra altering distance functions.
Definition 2.8. A tripled (ψ, ϕ, F ) where ψ ∈ Ψ, ϕ ∈ Φ u and F ∈ C is said to be monotone if for any x, y ∈ [0, ∞)
If for any x, y ∈ [0, ∞)
then (ψ, ϕ, F ) is called strictly monotone.
then (ψ, ϕ, F ) is not monotone.
Some results and common fixed point theorems
Sintunavarat and Kumam [13] , showed that every generalized J H-operator pair need not be a Banach operator pair. In the following we show that every symmetric Banach operator pair need not be a generalized J H-operator pair, that is generalized J Hoperator pair is different from symmetric Banach operator pair and Banach operator pair.
Example 3.1. Let (X = R, . ) is a normed space with usual norm, and 
where
Proof. By (i) , there exists a point w ∈ M such that w = Sx = T x and
First we show that δ(P C(S, T )) = 0, for this, suppose there exists another point z ∈ M and z = w, for which z = Sy = T y. Then from (3.2), we get
which yields that ψ(
,which is a contradiction . Hence, P C(S, T ) is singleton and δ(P C(S, T )) = 0.
By using (3.3), w − z ≤ (δ(P C(S, T ))) n 0 = 0, thus w = x, that is x is a common fixed point of S and T . Again by using relation (3.2), it can be shown that x is a unique common fixed point of S and T . Now, we prove that any fixed point of S is a fixed point of T and conversely. Suppose that u is a fixed point of S but u = T u, from (3.2), we have
,which is a contradiction, and so, u = T u. By using a similar argument, we conclude that every fixed point of T is a fixed point of S. Therefore, Fix(S) = Fix(T ) =
Fix(S) ∩ Fix(T ) = {x}, S(Fix(T )) ⊆ Fix(T ) and T (Fix(S)) ⊆ Fix(S). Then (S, T ) is a symmetric Banach operator pair.
Example 3.3. Let X = R and . : X → R be given as
and φ :
Now, the following cases are checked for x, y ∈ M . Case-1 : x = y.
(i) If y = 0 and x > y, then
then relation (3.2) is established. Case-2 : x = y. clearly the cases are reinstated. Therefore, for all x, y ∈ M ,
Accordingly, the conditions of Theorem 3.2 are satisfied and Fix(S) = Fix(S) ∩ Fix(T ) = Fix(T ) = {0}, S(Fix(T )) ⊆ Fix(T ) and T (Fix(S)) ⊆ Fix(S). Therefore, (S, T ) is a symmetric Banach operator pair.
Here, we introduce some applied common fixed point theorems. The next theorem can also be obtained with a minor modifications of the first part of the proof of Theorem 3.2, so we omit its proof. (i) (S, T ) is a generalized J H-operator pair with order n 0 ∈ N, (ii) for each x, y ∈ M , ψ( 
for each k ∈ (0, 1), where Proof. Define T n : M → M by T n x = (1 − k n )q + k n T x for some q and all x ∈ M and a fixed sequence of real numbers k n (0 < k n < 1) converging to 1. First we show that there exists x n ∈ M , such that x n ∈ Fix(S) ∩ Fix(T n ). Since (S, T ) is a generalized J H-suboperator with order n 0 , (S, T n ) is a generalized J H-operator with order n 0 for all n ∈ N. Using inequality (3.7) it follows that for all x, y ∈ M ψ( Then, by Theorem 3.4, there exists x n ∈ M , such that Sx n = T n x n = x n . Now, if one of the conditions (1a), ..., (1d) being established then the details is similar to the proof of the Theorem 2.2 of [10] and Theorem 2.2 of [12] .
Theorem 3.6. Let S and T be self-mappings on a q-starshaped subset M of a normed space X where q ∈ Fix(S) and the pair (S, T ) have the following conditions: (i) The order pair (S, T ) is a generalized J H-suboperator pair with order
for each k ∈ (0, 1), where γ is continuous, ψ ∈ Ψ, ϕ ∈ Φ u , F ∈ C, such that (ψ, ϕ, F ) is strictly monotone;
(iii) wcl(T (M )) is weakly compact, S is weakly continuous and X satisfies Opial's condition. Then Fix(S) ∩ Fix(T ) = ∅.
Proof. If T n : M → M is defined by T n x = (1 − k n )q + k n T x for some q and all x ∈ M and a fixed sequence of real numbers k n (0 < k n < 1) converging to 1. Then similar to the proof of Theorem 3.5 there exists x n ∈ M such that Sx n = T n x n = x n . The weak compactness of wcl(T (M )) implies that there exists a subsequence {x m } of {x n } such that x m → y weakly as m → ∞. As S is weakly continuous, Sy = y. Since {x m } is bounded, k m → 1, and
which is a contradiction. Thus Sy = T y = y and hence Fix(S) ∩ Fix(T ) = ∅.
Remark 3.7. If In Theorem 3.6, we replace (iii) with one of the conditions (1a), ..., (1d), then Fix(S) ∩ Fix(T ) = ∅. Definition 3.8. If in Theorem 3.6, we give F (s, t) = 2(s − t), ψ(t) = 2t, ϕ(t) = t, then the mapping T satisfying inequality (3.9) is said generalized (γ, S)-contraction mapping of integral type. In addition if S is identity map in (3.9) then T is said generalized γ-contraction mapping of integral type.
Then we get the following corollary.
Corollary 3.9. Let T is a self-mapping on a q-starshaped subset M of a normed space X. Assume that T is a generalized γ-contraction mapping of integral type. Then Fix(T ) = ∅, if one of the following conditions holds: (2a) cl(T (M )) is compact and T is continuous on M ; (2b) wcl(T (M )) is weakly compact, T is completely continuous; (2c) wcl(T (M )) is weakly compact and (id − T ) is demiclosed at 0; (2d) M is bounded and complete, T is hemicompact.

J Hℑ-suboperator pairs
Suppose M is a subset of a normed space X and let ℑ = {f α } α∈M be a family of functions from [0, 1] into M , having the property that for each α ∈ M we have f α (1) = α. Such a family ℑ is said to be contractive provided there exists a function Φ : (0, 1) → (0, 1) such that for all α and β in M and for all t ∈ (0, 1) we have
And is said to be jointly continuous provided that if [11] ). Now, if M be a q-starshaped with q ∈ M subset of a normed space X and f x (t) = (1 − t)q + tx, x ∈ M, t ∈ [0, 1], then f x (0) = q and {f x : x ∈ M } is obviously a contractive jointly continuous family with Φ(t) = t. Thus the class of subset of X with the property of contractive and joint continuity contains the class of starshaped sets. 
Remark 4.2. By Definition 4.1 if (S, T ) be a J Hℑ-suboperator pair, then for each 
Remark 4.5. By Definition 4.4 if (S, T ) be a generalized J Hℑ-suboperator pair with order n , then for each k ∈ [0, 1], (S, T k ) is a generalized J H-operator pair with order n, where T k is self-mapping on M such that
Remark 4.6. Let S and T are self-mappings on a q-starshaped M of a normed space
Clearly, if the order pair (S, T ) is a generalized J Hℑ-suboperator pair with order n, then (S, T ) is a generalized J H-suboperator pair with order n.
Example 4.7. Let X = R with usual norm and M = [0, ∞) which has family ℑ = {f
Then M is q-starshaped for q = 0 and C(S, T ) = {0, 2}, P C(S, T ) = {1, 8}, T k (x) = f T x (k) = (1 − t)q + kT x = kT x. Clearly, (S, T ) is a J H-operator pair. Now, for k = 1 2 we have C(S, T k ) = {4}, P C(I, T k ) = {32} and
for each n ∈ N. Hence (S, T ) is not a generalized J Hℑ-suboperator pair. 
Define S, T : M → M by Sx = x and T x = x 3 . Then M is q-starshaped for q = 0 and C(S, T ) = {0, ±1}, P C(S, T ) = {0, ±1}, T k x = f T x (k) = (1 − k)q + kT x = kT x, there are two cases.
Case1. k = 0. Thus, T k x = 0, C(S, T k ) = {0} and P C(S, T k ) = {0}, for 0 ∈ P C(S, T k ) we have
n for all n ∈ N. Thus the pair (S, T ) is a generalized J Hℑ-suboperator pair with order n = 1, 2, 3, · · · . Proof. Define T n : M → M by T n (x) = f T x (k n ), x ∈ M and {k n } is a sequence in (0, 1) such that k n → 1. Then T n is a well defined mapping on M and for each n ≥ 1,
for all x ∈ M and n ≥ 1. By the contractiveness of the family ℑ, we get for all x, y ∈ M . As (S, T ) is generalized J Hℑ-suboperator pair with order n 0 , then by Remark 4.5, (S, T n ) is generalized J H-operator pair with order n 0 , hence by Theorem 3.4, there exists x n ∈ M such that x n = T n x n = Sx n for each n. Now we have (3a) The compactness of cl(T (x)) implies that there exists a subsequence {T x m } of {T x n } such that T x m → y, y ∈ M . Since ℑ is jointly continuous, then
and so by the continuity of T and S, we have y ∈ Fix(S) ∩ Fix(T ), hence M ∩ Fix(S) ∩ Fix(T ) = ∅.
(3b) As above there exists x n ∈ M such that x n = T n x n = Sx n for each n. Since x n is bounded, x n − Sx n → 0, so by the hemicompactness of S, {x n } has a subsequence {x m } converging strongly to y ∈ M . As T is continuous, T x m → T y. Also
By the uniqueness of the limit, we get y = T y. The result now follows as in (3a).
(3c) From weakly compactness of wcl(T (M )) there exists a subsequence {x m } of {x n } in M converging weakly to y ∈ M as m → ∞. Since S is weakly continuous, Sy = y that is lim m→∞ (Sx m −T x m ) = 0. It follows from (S −T ) is demiclosed at 0 that Sy − T y = 0. Therefore, y = Sy = T y this means that M ∩ Fix(S) ∩ Fix(T ) = ∅.
Invariant approximation
Theorem 5.1. Let M be a subset of a normed space X and S and T be self-mappingings of X such that u ∈ Fix(S) ∩ Fix(T ) for some u ∈ X and T (∂M ∩ M ) ⊆ M . Assume that S(P M (u)) = P M (u), P M (u) is closed q-starshaped, q ∈ Fix(S), the order pair (S, T ) is generalized J H-suboperator pair with order n 0 on P M (u). Suppose that for all x, y ∈ P M (u) ∪ {u},
one of the following conditions holds:
(4a) cl(T (P M (u))) is compact, S and T are continuous on P M (u); (4b) wcl(T (P M (u))) is weakly compact, T is completely continuous and S is continuous; (4c) wcl(T (P M (u))) is weakly compact, S is weakly continuous and (S − T ) is demiclosed at 0; (4d) P M (u) is bounded and complete, T is hemicompact and S is continuous.
and (S, T ) satisfies (5.1), we have
This implies that T x ∈ P M (u). Consequently, P M (u) is T -invariant. Since all the conditions of Theorem 3.5 are satisfied with
Theorem 5.2. Let M be a subset of a normed space X and S and T be self-mappingings of X such that u ∈ Fix(S) ∩ Fix(T ) for some u ∈ X and T (∂M ∩ M ) ⊆ M . Assume that S(P M (u)) = P M (u), P M (u) is closed q-starshaped, q ∈ Fix(S), the order pair (S, T ) is generalized J H-suboperator pair with order n 0 on P M (u). Suppose that for all x, y ∈ P M (u) ∪ {u}, 
